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 Radiation from a vertical electric dipole 
above an inhomogeneous soil plane over the Earth

 T. MOSAYEBIDORCHEH, F. HOSSEINIBALAM AND S. HASSANZADEH

Department of Physics, University of Isfahan, Iran

 (Received: 9 December 2017; accepted: 22 March 2018)

ABSTRACT  Despite the great work on the propagation of vertical electrical dipole (VED), the 
effect of inhomogeneous soil texture on VED electromagnetic radiation above the 
soil is not understood. Using Fourier integral transform, the equations of the magnetic 
fi elds for each region is obtained. Also, the electrical permittivity and conductivity 
variation of soil texture with humidity is extracted. Having humidity dependency 
of soil to depth, the electrical permittivity and conductivity of soil texture in each 
depth can be calculated. The maximum changes of the value of integration will be 
0.1% by doubling the number of semi-intervals, so the magnetic fi eld is validated. 
In the cases of clay or sand, the magnetic fi elds inside and above the Earth are the 
same at the frequency of 1 MHz. But the magnetic fi eld differences for clay and 
sand inside the Earth at the frequency of 50 MHz are signifi cant. In the distances far 
from vertical electrical dipole in the air, the magnetic fi elds are the same in different 
heights because the distances to the points come closer in different heights and high 
radial distances.

Key words: vertical electric dipole, electromagnetic radiation, integral Fourier transformation, soil texture.

1. Introduction

Electromagnetic wave propagation radiated by a horizontal electric dipole (HED) or a vertical 
electric dipole (VED), above or inside the ground has been studied for a while. There are two 
methods to investigate this. The fi rst one is to solve Maxwell equations assuming that the Earth, 
atmospheric and dielectric layers are relatively fl at. The other method accounts for the spherical 
shape of the Earth and the atmosphere, and the sum of spherical harmonics will be obtained 
(Mosayebidorcheh et al., 2017). Tending the radius of the Earth to infi nity in the second one, leads 
to the fi rst method. In the case that the wavelengths are much smaller than the radius of the Earth, 
the spherical shape of the earth can be neglected.

The fi rst analytical solution of the propagation of the electromagnetic waves along the 
planar boundary between the atmosphere and the Earth was performed by Zenneck (1907). 
That time, the existence and signifi cance of the ionosphere were unknown. Many investigators, 
such as Wait (1953, 1956, 1957, 1970, 1990a, 1990b), King (1991), King et al. (1992), and 
King and Sandler (1994a, 1994b), have made the subsequent developments concerning the 
electromagnetic fi elds of a dipole source in the homogeneous multilayered regions. Using 
surface-impedance technique for two-layered or multilayered regions, extensive studies have 
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been conducted. In the 1990s, further developments were made by King (1991), King et al.
(1992), and King and Sandler (1994a, 1994b). Later, Wait (1998) presented a comment on King 
and Sandler (1994a) article and contended that they had missed the terms of the trapped surface
wave, as trapped surface wave varies in terms of ρ-

1-2 in the far region. Also, Collin (2004) found 
that King and Sandler (1994a, 1994b) overlooked the term of the trapped surface wave. In order 
to clarify the debates on the trapped surface wave, in the 2000s, many investigators reconsidered 
the problem (Zhang and Pan, 2002; Li and Lu, 2005; Zhang et al., 2005). Li and Li (2017) used 
dipole source (including antenna azimuth, dip, and horizontal positions) and presented a joint 
inversion method for the transmitter navigation and the seafl oor resistivity for frequency domain 
marine controlled-source electromagnetic (CSEM) data. Also they presented wavenumber domain 
(WD) electromagnetic fi eld expressions at any depth in a layered conductivity Earth due to both the 
HEDS and VEDS (Li and Li, 2016). Key (2009) used numerical methods for 1D forward modelling 
and inversion of marine CSEM data to examine the inherent resolution of various acquisition 
confi gurations to thin resistive layers simulating offshore hydrocarbon reservoirs.

Samaddar (1967) formulated the problem of radiation from a VED in an inhomogeneous 
half-space. The detailed calculations are carried out for a suitable profi le. They showed that in an 
inhomogeneous semi-infi nite (or infi nite) medium, the far fi eld energy may be propagated also in 
the angular direction (θ -direction).   In this research the effect of soil texture on the propagation of 
electromagnetic waves by a VED above the soil is investigated.

2. Basic theory

2.1. The model
The geometry of the problem (Fig. 1) is defi ned as an n+2 layers with n inhomogeneous 

layers (each layer thickness is lj , j =1, 2,..., n) between air as upper layer (z > 0) and the Earth 
as lower layer (z < -l ). An ideal VED is located at point (0, 0, d). The electrical conductivity 
and permittivity of the air are zero and ɛ0, respectively. Also, the electrical conductivity and 
permittivity of the Earth are σg and ɛg, respectively. The electrical conductivity and permittivity 
of the each dielectric layers are the function of z and they are represented by σj (z) and ɛj (z) , 
respectively.

2.2. Integral Fourier transformation and Maxwell equations
If time dependency of electromagnetic fi elds is as e-iwt, the Maxwell equations are as follows:
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where ω, ɛj=ɛrjɛ0,σj , μ0, and kj are angular frequency, electrical permittivity of the jth medium, 
electrical conductivity of the jth medium, the magnetic permeability of the vacuum, and the wave 
number of the jth medium, respectively.

  To obtain the explicit relationships for the components of the fi eld, Fourier transforms are used.
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Noting that with rotational symmetry, Bz = 0. Regarding the Maxwell equations, the following 
result is obtained:
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The equations for the air, for the inhomogeneous dielectric layers, and for the Earth are as 
follows:

Fig. 1 - Geometry of the problem.
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The solutions to these equations may be obtained as below:
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where fj(z, λ) and gj(z, λ) are two solutions of differential equation for each inhomogeneous 
dielectric layer, where these are linear independent functions. In order that fj(z, λ) and gj(z, λ) be

linearly independent, we assume that fj(Zj , λ)=1 and j

zd

df
(Zj , λ)=0, and also gj(Zj , λ)=0 and

j

zd

dg
(Zj , λ)=1. Since Wronskian of these two functions at the point of zj=Zj  is not zero, these two

functions are linearly independent. In this problem, the boundary conditions are as follows:
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With regard to selected boundary conditions for the functions fj(z, λ) and gj(z, λ) , the boundary 
conditions of the problem are as follows:
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The unknown coeffi cients are obtained using Eqs. 24 to 29.

2.3. Solving differential equation for inhomogeneous medium
Finite difference method is used to solve differential equation of inhomogeneous medium. In 

this case, the fi rst and second derivations of magnetic fi eld are as follows:
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And fi nally, the magnetic fi eld of each layer is:
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where zm=mΔz, and the functions fj(z, λ) and gj(z, λ) are obtained in each point. To determine magnetic 
fi eld in inhomogeneous region, it is necessary to calculate that regional wave number and its dependence 
to the depth of soil. The relationship between wave number and depth is discussed in the next section.

2.4. Permittivity and electrical conductivity variations of soil with depth
The electrical permittivity and conductivity of soil are depended on texture and moisture of 

the soil, and moisture of the soil changes with depth. By solving Richard's equation, the relation 
of the soil moisture changes with depth can be obtained. Richard's equation for one-dimensional 
water fl ow in soil is as below (Ross, 1990):

,= S
z

p
dK

zt       
(33)

where
ϑ(ψ,z) = volumetric water content;
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t = time;
z = space coordinate in direction of fl ow;
K(ϑ,z) = hydraulic conductivity;
ψ(p) = matric potential;

d=d(p)=
dp

d
;

S= 
dz

dZ
where Z is elevation.

This equation is solved for different textures of soil. The dependence of soil moisture changes 
with depth, for clay and sand, are shown by Fig. 2. The best curve is plotted for each panel. The 
best equations of soil for these two textures are:

( ) ,cm)in(clayfor,3047.0061.32315.0tanh183.0 zz ++=
   

(34)

( ) ,cm)in(sandfor,146.1313.143.4422.2tanh1292.0
001857.0

zez
z++= (35)

The goodness of fi t is evaluated through the adjusted R-squared and the Root Mean Squared 
Error (RMSE). The adjusted R-squared and RMSE are 0.998 and 0.005413 for clay, and 0.9809 
and 0.0138 for sand respectively.

Fig. 2 - Soil moisture variation 
diagram in terms of depth 
and the best crossing curve: 
a) clay; b) sand.

a

b
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The moisture of the soil is fi xed in depth of 18.35 and 20.77 cm from the air-soil interface 
for clay and sand, respectively. So below these depths, considering the stability of soil electric 
characteristics, the Earth can be considered as third layer. Due to soil moisture variations, the 
electrical permittivity and conductivity of soil change. Fig. 3 shows the electrical permittivity 
variations of clay and sand with moisture, at frequency of 1 MHz, respectively (Campbell, 
1990). In addition, the best curve crossing of each diagrams are plotted. The equations are as 
follow:

Fig. 3 - Electric permittivity 
variations diagram at the 
frequency of 1 MHz in terms 
of the moisture and the best 
crossing curve: a) clay; b) sand.

a

b
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2
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The adjusted R-squared and RMSE are 0.9993 and 0.6673 for clay, and 0.9961 and 0.6137 for 
sand respectively.

The loss tangent data measured by Campbell (1990) is required to calculate electrical 
conductivity. Fig. 4 indicates the loss tangent diagram for clay at the 1 MHz frequency in terms 
of moisture. The best curve equation crossing the data is as follows:

( ) 872.565.1076.7tanh832.5tan ++= .
    

(38)

The adjusted R-squared and RMSE are 0.9925 and 0.3622 for clay respectively. Also, the 
following relation between loss tangent and conductivity is in the form of:
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The magnetic fi eld can be determined by the relationship between electrical permittivity 
and conductivity with depth. In the next section the magnetic fi elds in any region will be 
formulated.

3. Results and discussions

Considering Eqs. 34 to 39, the electrical permittivity, conductivity and the wave number of 
soil can be obtained in terms of depth from the soil-air interface. In the next step, the functions of   
fj(z, λ) and gj(z, λ) in the soil are derived and the unknown coeffi cients are verifi ed by boundary 
conditions. Using reverse Fourier integral transformation of magnetic fi eld in each region, the 
following equations are obtained:
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To integrate from these equations, the change of variables λ = -1+ 1-t  is used, with an interval of
integration between zero and one. Using Simpson method and dividing the interval of integration 
to parts, numerical integration is calculated. By doubling the number of N, the maximum changes 
of the value of integration will be 0.1%, therefore, the obtained results are validated.

Fig. 4 - Loss tangent variation 
diagram for clay at the frequency 
of 1 MHz in terms of moisture, 
and the best curve crossing it.
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In this problem, two-layered approximation can be utilized. In this case, different parts affect 
the magnetic fi elds: the direct fi eld of VED, the refl ected fi eld due to an ideal image of VED, and 
the surface-wave terms. The summation of these terms are as follow (King et al., 1992):
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So, in the fi rst approximation, the soil inhomogeneity effect can be overlooked. In this case, 
the results show that for clay and sand in the depth of 18.35 and 20.77 cm from air-soil interface, 
respectively, the moisture is fi xed. Due to fi xing the moisture, the whole Earth and soil are 
considered as a layer with the same permittivity and electrical conductivity. To show the effect of 
inhomogeneity of soil layer, the approximated and exact solutions are compared.

The magnetic fi eld is investigated here due to its different applications in geophysics, 
such as ground magnetic method, airborne magnetic method, geomagnetic depth sounding 
(GDS), magnetovariational sounding (MVS), magnetotelluric sounding (MS), audiofrequency 
magnetotellurics (AMT), audiofrequency magnetic method (AFMAG), magnetic induced 
polarisation (MIP), magnetometric resistivity method (MMR), very low frequency (VLF), and 
in palaeomagnetism (Roy, 2007). Fig. 5 shows the magnetic fi eld in two cases in which soil is 
clay or sand at the frequency of 1 MHz. Approximate and exact magnetic fi elds are plotted for 
each height (z = 1, 2, 5 m). As evidenced by the fi gures, the exact magnetic fi elds in the case of 
clay or sand, in different heights, are the same. This is due to the fact that the wavelength is much 
bigger than inhomogeneous layer thickness at the frequency of 1 MHz, and the effect of electrical 
conductivity in the refl ected wave is not much signifi cant. In the distances far from VED, the 
magnetic fi elds are the same in different heights, because in high ρ values the point distances of 
VED in different heights come close. In addition, approximate and exact magnetic fi elds in short 
distances from the VED are relatively the same, since in short distances, the effect of direct fi eld 
and the refl ected fi eld due to an ideal image of VED is dominated. Distancing from dipole, the 
approximate and exact fi elds difference would be bigger due to the effect of inhomogeneous soil 
layer.
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The Fig. 6 shows the magnetic fi eld in two cases in which the soil is clay or sand at the 
frequency of 50 MHz. The approximate and exact magnetic fi elds for each height are plotted 
(z = 1, 2 m). Due to rising the frequency, the soil and Earth electrical conductivity increase sand 
consequently the wave refl ection effect arises. As the result the magnetic fi eld becomes greater. 
There is not much difference between the approximate and exact fi elds in short distances from 
VED, similar to Fig. 5.

Figs. 7 and 8 show the magnetic   fi elds inside the Earth in the frequencies of 1 and 50 MHz 
in different depths. At the frequency of 1 MHz, the slight difference between the magnetic fi elds 
in cases of clay and sand is due to small weakening of waves. But the mentioned difference is 
signifi cant at the frequency of 50 MHz, which is due to the high frequency and the electrical 
conductivity difference between sand and clay.

4. Conclusion

The main o  bjective of this research is to investigate the effect of soil texture on the 
propagation of electromagnetic waves by a VED above the soil. For this purpose, using Fourier 
integral transform, the equations of the magnetic fi elds for each region is obtained. Also, the 
electrical permittivity and conductivity variation of soil texture with humidity is extracted. 
Having humidity dependency of soil to depth, the electrical permittivity and conductivity of 
soil texture in each depth can be calculated. The unknown coeffi cients are obtained using the 
boundary conditions. The integral form of the magnetic fi elds is obtained. Using change of 
variables, the interval of integration is changed from zero to one rather than zero to infi nity. The 
maximum changes of the value of integration will be 0.1% by doubling the number of , so the 
magnetic fi eld is validated. In this article, two textures of soil, sand and clay, are investigated 
and the results are as below:

• in the cases of clay or sand, the exact magnetic fi elds in different heights are the same, since 
the effect of electrical conductivity in the refl ected wave is not much signifi cant at 1 MHz 
frequency;

• in the dis tances far from the VED, the magnetic fi elds are the same in different heights because 
the distances to the points come closer in different heights and high  values;

• in short d istances, the effect of direct fi eld and refl ected fi eld due to an ideal image is dominated. 
Therefore, the approximate and exact magnetic fi elds are relatively the same;

• distancing from the dipole, the difference between the approximate and exact fi elds are 
signifi cant due to the effect of soil layer;

• the magnet ic fi elds inside the Earth for clay and sand in different depths, and at the frequency 
of 1 MHz are the same;
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Fig. 5 - Magnetic fi eld 
B0φ in the air at the frequency 
of 1 MHz in terms of radial 
distances from the VED: a) 
soil is clay; b) soil is sand. The 
approximate fi elds for each 
height are plotted (d = 0).

Fig. 6 - Magnetic fi eld B0φ in the 
air at the frequency of 50 MHz 
in terms of radial distances 
from the VED: a) soil is clay; 
b) soil is sand. The approximate 
fi elds for each height are plotted 
(d = 0).

a

a

b

b
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Fig. 7 - Magnetic fi eld in the 
Earth in different depths at the 
frequency of 1 MHz in terms of 
radial distances from the VED: 
a) soil is clay; b) soil is sand 
(d = 0).

Fig. 8 - Magnetic fi eld in the 
Earth in different depths at the 
frequency of 50 MHz in terms 
of radial distances from the 
VED: a) soil is clay; b) soil is 
sand (d = 0).

a

a

b

b
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• the magnet ic fi eld differences inside the Earth for clay and sand at the frequency of 50 MHz 
are signifi cant, which is due to the high frequency and the electrical conductivity difference 
between sand and clay.
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