
Abstract. Two representation methods for the Dynamic Ocean Topography (DOT)
are compared. One uses surface spherical harmonics, the other Proudman functions,
which form an ocean domain-specific orthonormal basis. The DOT implied by the
temporally averaged output of the POCM_4B ocean circulation model, provided the
data for the implementation and testing of the two methods. Using these data a
spherical harmonic representation was developed, to degree 30, and a Proudman
function decomposition employing 961 basis vectors, so that both representations
involve an equal number of parameters. The input DOT field had an rms value of
±66.6 cm. The recovered rms DOT was ±66.1 cm for the spherical harmonic case,
±66.3 cm for the Proudman function case, while the rms difference between the two
cases was ±4.2 cm. Although in an overall sense the two representations (with equal
number of parameters) yield similar results, in the proximity of the ocean domain
boundary the Proudman functions approximate the input DOT field better than the
surface spherical harmonics.

1. Introduction and mathematical preliminaries

An important consideration in analyses involving the functional representation of Dynamic
Ocean Topography (DOT), is the choice of a suitable set of basis functions. Surface spherical
harmonics (SH) have been used for this purpose by several investigators (e.g., Marsh et al., 1990;
Rapp et al., 1991). The disadvantage encountered by the loss of orthogonality of the SH over the
ocean domain (which is a subset of the sphere with an irregular boundary) was recognized early
on. Numerically constructed orthogonal sets of basis functions, specific to a pre-defined ocean
domain (at some resolution) include the Proudman functions (PF) (Proudman, 1917), the
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“Height” functions (HF) introduced by Rao et al. (1987), and the orthonormal functions (ON)
introduced by Hwang (1991; 1995) which are derived from SH. Rapp et al. (1996)
recommended the use of SH for DOT representation, followed by transformation to the ON
basis, which enables spectral analysis referring strictly to the ocean domain. Sanchez et al.
(1997) implemented the HF representation and compared it with SH. PF were used recently in
the tidal analysis performed by Sanchez and Pavlis (1995). Colombo (1984) suggested using PF
for DOT representation. This has never been attempted up to now. This paper presents
preliminary results from the use of PF for DOT representation, and a comparison with
corresponding results based on the use of SH.

The detailed mathematical formulation underlying the development of the PF basis can be
found in (Sanchez et al., 1985) and will not be repeated here. Partition of the transport field into
solenoidal and irrotational components and the application of the divergence operator yields the
eigenvalue problem from which the velocity potential eigenvectors (Φγ) are derived:

The impermeability of the coast provides the associated boundary conditions:

where h denotes the depth of the fluid and n is the direction normal to the boundary. The subscript γ

h n⋅ =(  / )∂ ∂γΦ 0

∇ ⋅ ∇ = −h Φ Φγ γ γλ

Fig. 1 - 2°×2° grid used for the Proudman function development.

(1)

(2)



has a range determined by the number of degrees of freedom allowed by the system. The
numerical solution of the eigensystem (1) was obtained by means of finite differences expressed
in spherical coordinates. A 2° equiangular grid was used, extending from 69.25° N to 76.75° S
latitude (Fig. 1). The resulting system has 8608 degrees of freedom. Enclosed basins
(Mediterranean, Hudson Bay, etc.) are excluded; these require individual analyses with grids of
much finer resolution (Sanchez et al., 1992), while this study is focusing on the estimation over
open ocean areas. The Arctic ocean is also excluded in this grid. The resulting unitless
eigenvectors (Φγ) are normalized, so that:

where A is the total area of the basin and δγβ is the Kronecker delta. The PF set (Φγ) used here is
the same as the one used in (Sanchez and Pavlis, 1995). Examples of the spatial structure of Φγ

can be found in (ibid., Fig. 3). The spatial variability of Φγ increases with increasing wave
number γ; however, over enclosed oceanic areas or areas close to the boundary, even the low
wave number eigenvectors exhibit large geographical variations (e.g., Kamchatka peninsula,
Patagonian shelf).

2. DOT analysis with Proudman functions and surface spherical harmonics

The DOT implied by the POCM_4B circulation model of Semtner and Chervin (cf. Stammer
et al., 1996) provided the test data for the implementation of the SH and PF representation
methods. The DOT values used (ζ(ϕ,λ)), are the temporally averaged output of POCM_4B over
the years 1993 and 1994. No spatial averaging was performed.

2.1. Proudman function analysis

The values of the first 1200 PF eigenvectors were interpolated at the nodes of the POCM
grid. Because the POCM and the PF grids discretized the ocean independently, and in a slightly
different fashion, there are 16 938 POCM points (covering about 2.7% of the Earth’s area), where
Φγ cannot be interpolated. There are also a few nodes of the PF grid, where POCM is undefined;
these cover (approximately) latitudes 64.85° to 69.25° N, and longitudes -30° to +15°. There is
a rather good overall “alignment” between the POCM and the PF grids. The 299 256 points,
where both POCM and Φγ are defined, is what we consider hereon to be our “ocean domain”
(OD). The OD covers 65.4% of the Earth’s area, where the POCM_4B DOT ranges from -210.4
to 133.1 cm, with area weighted mean and rms values of 0.5 cm and ±66.6 cm, respectively.
Using these data, we formed normal equations for 1200 PF coefficients, Pk , based on the linear
mathematical model:

1
A

dAΦ Φγ β γβδ
basin
∫∫ =
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Each ζ(ϕ,λ) value received a weight w = cos2(ϕ)/0.12 m-2.
To enable comparisons with SH representations employing an equal number of parameters,

the PF least squares solution was restricted to the first 961 eigenvectors. Their coefficients were
estimated using the a priori constraint |Pk| = 0.34/k0.83 m in the inversion of the normal equations.
This power law was derived empirically from the data. Fig. 2 shows the magnitude spectrum (|Pk|)
of the recovered PF coefficients. Over the OD, the DOT reconstructed from these coefficients has
an area weighted rms value of ±66.3 cm. The area weighted rms residual misfit was ±6.1 cm.

2.2. Spherical harmonic analysis

Our analysis closely followed the procedures used by Rapp et al. (1996). Over the OD, the
data and their weights were identical to the PF case. Outside the OD (areas that are mostly but
not exclusively land), we used zero “fill-in” values, over -60° ≤ ϕ ≤ 75°, weighted by w =
cos2(ϕ)/0.22 m-2. Thus a 4:1 weight ratio between actual and “fill-in” data at a given latitude was

ζ ϕ λ ϕ λ( , ) ( , )= ⋅
=

∑ Pk
k

k
1

1200

Φ
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Fig. 2 - Estimated Proudman function coefficient magnitude (|Pk|).

(4)



maintained. The SH coefficients to Nmax = 30 were obtained from a least squares solution, with
the a priori constraint |SHn| = 0.30775/n1.4243, for the rms SH coefficient of degree n. Over the OD
region the area weighted rms residual misfit and reconstructed DOT signal from this SH fit were
±6.2 cm and ±66.1 cm respectively.

3. Comparison of the two representation methods

3.1. Signal recovery and residual misfits

The area weighted rms difference of the DOT fields reconstructed from the two
representation methods was ±4.2 cm, indicating a good overall agreement between the two
different representations, when an equal number of parameters are used in each method.
However, plots of the residual misfits (not shown here) from the respective adjustments,
indicated that significant differences exist in the geographical distribution of these residuals
for the two different methods. Specifically, the PF approach appeared to fit the input data
better, close to the OD boundary, compared to the SH approach. By contrast, over certain open
ocean areas (e.g., west-central Pacific), the SH approach appeared to fit the data better. To
quantify these visual observations we computed the rms residual misfit and rms recovered
signal from each method, as a function of minimum distance (D) from the OD boundary. Table
1 summarizes these results, for a selection of ranges of D. From Table 1 it is obvious that the
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Table 1 - Classification of residuals of fit, recoverd DOT signal and signal differences as a function of minimum
distance D from the boundary, for the SH and PF solutions.

Spherical Harmonic (SH) Proudman function (PF)
Range of % of Total (Nmax=30) (961 eigenvectors) SH-PF

D Data Area RMS residual RMS signal RMS residual RMS signal RMS signal
(km) (cm) (cm) (cm) (cm) (cm)

0  -      50 0.2 12.7 62.6 9.7 69.0 13.4
50  -    100 1.0 12.7 64.9 11.6 70.1 12.6

100  -    150 1.8 11.7 63.8 9.7 68.3 11.1
150  -    200 2.4 10.4 68.8 7.4 72.1 9.4
200  -    250 2.6 9.3 69.1 6.5 71.4 7.6
250  -    500 12.0 7.9 74.0 7.0 74.2 4.8
500  -  1000 19.0 6.4 78.9 6.6 78.7 4.0

1000  -  1500 16.6 5.5 75.1 5.9 75.0 3.1
1500  -  2000 13.7 5.3 64.6 5.4 64.5 2.6
2000  -  2500 10.0 5.7 50.7 5.9 50.8 2.5
2500  -  3000 6.8 4.6 41.5 5.0 41.5 2.5
3000  -  3500 4.6 2.9 42.5 4.0 42.0 2.6
3500  -  4000 3.4 2.8 45.2 4.3 45.4 2.8
4000  -  5000 5.2 2.5 47.0 4.2 46.8 2.5
5000  -  9999 0.8 2.1 47.6 3.6 47.6 2.0



largest differences in the two recovered DOT fields are indeed occurring within ~250 km from
the OD boundary. In this region, the PF representation recovers a DOT signal of significantly
higher power than that recovered from SH. The PF-recovered signal is in closer agreement
with the input data over this region, as reflected by the smaller residuals obtained from the PF
fit, compared to those from the SH fit. For D > 3000 km or so, the residuals from the SH fit
are smaller than those from the PF by about 30%.

A possible explanation for the observed behavior may be the following. Surface SH functions
vary over the sphere in a regular manner dictated by their degree and order, with no regard to
proximity to the OD boundary. Proudman functions exhibit a different behavior, and, judging
from plots shown in Sanchez and Pavlis (1995), Fig. 3, tend to be smoother away from the
boundary. This could result in PF being capable of modeling short wavelength data signals close
to the boundary better than SH, and vice versa away from the boundary. In practical applications
using PF, this implies that if one wants to maintain the modeling capability of SH (up to some
Nmax) over open ocean areas, it may be appropriate to extend the PF set vector beyond
(Nmax + 1)2 elements. PF solutions using more than 961 vectors will be made in the future, to
investigate this effect.
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Fig. 3 - DOT and geostrophic flow vectors from the Proudman function fit of POCM_4B using 961 eigenvectors.



3.2. Geostrophic flow velocity calculations

In the SH approach, the components of the geostrophic velocity vector were computed from
the recovered coefficients, using analytical expressions (see e.g., Engelis, 1985, Eqs. 21-23).
Unfortunately, corresponding expressions are not available (to our knowledge) for the PF case.
In this case, the fundamental equations defining the (u,v) components (ibid., Eqs. 17, 18) were
used, and the derivatives were approximated by first differences. A 15'×15' grid of DOT was
constructed from the recovered PF coefficients, and the (u,v) components were then computed at
the centers of 30'×30' cells, provided all four surrounding nodes had defined PF values. Fig. 3
shows the recovered DOT and geostrophic flow field using 961 PF vectors, and Fig. 4 the
difference of the DOT and flow fields between the SH (Nmax = 30) and the PF (961 vector)
cases. Large differences in the DOT (Fig. 4) between Greenland and Scandinavia are related to
a certain lack of overlap between the POCM_4B and PF grids. Apart from this area, large
differences are seen in some coastal areas e.g., around Indonesia, northern Australia and the east
African coast and Madagascar. Areas close to the boundary, characterized by steep DOT slopes
(e.g., Gulf Stream, Kuroshio, Patagonia), also exhibit large differences between the SH and PF
approaches. The rms total geostrophic velocity magnitude, V = (u2 +v2)1/2, was ±3.99 cm/s (SH),
±4.27 cm/s (PF), and ±3.33 cm/s for the difference (SH-PF). The maximum velocity magnitudes
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Fig. 4 - DOT and geostrophic flow vector differences: SH (Nmax=30) minus Proudman function fit using 961 eigen-
vectors.



were: 37.83 cm/s (SH), 63.87 cm/s (PF), and 58.30 cm/s (SH-PF). PF with 961 vectors recover
a signal with slightly higher overall power, than SH (Nmax = 30), and this is reflected in both the
recovered DOT and the geostrophic velocity fields. Although the flow patterns recovered by the
two approaches are in very good general agreement, differences exist (especially in the N-S
component v), which require further study and clarification. The computational difference
(analytic for SH versus numerical for PF) may also play a role here.

4. Summary and conclusions

Proudman functions were used for the first time to represent DOT. Corresponding spherical
harmonic analysis was made using an equal number of parameterization coefficients, and the PF
and SH results were compared. Based on the preliminary results obtained, we draw the following
conclusions:
1. PF and SH results using an equal number of parameters agree quite well in overall spectral

content, with the PF approach capturing slightly more power, than the SH one;
2. PF appear to be better suited for the representation of high frequency signals close to the data

boundary, but are somewhat smoother away from it;
3. some differences are observed in the recovered geostrophic velocity fields between the PF and

SH cases. Additional study is needed to clarify this result.
A significant advantage of PF over SH is that the former require no artificial “fill-in” values

over areas where DOT is undefined. Over the ON representation introduced by Hwang (1991),
PF have the advantage that they can extend the expansion of DOT to much higher wave numbers
than the ON functions. The current PF set has a total of 8608 associated eigenvectors. An ON
basis matching that number of basis vectors would correspond to harmonic degree ≈ 91, and such
a high resolution ON set has never been developed for any realistic ocean domain definition.

For applications that require the spectral comparison of the DOT signal and the geoid
undulation error, strictly over the ocean domain, we need to investigate techniques to map the
latter on the Proudman function space. If such mapping can be established, the Proudman
functions could offer a rather attractive alternative to the use of either SH or ON functions, for
DOT representation and estimation. The development of such a mapping will be the major focus
of future work within this investigation.
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