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ABSTRACT  We implement a machine-learning inversion approach to infer petrophysical rock 
properties from pre-stack data that combines a convolutional neural network and a 
discrete cosine transform of data and model spaces. This transformation is used for 
model and data compression. The network learns the inverse mapping between the 
compressed seismic and the compressed petrophysical domain. A theoretical rock-
physics model relates elastic and petrophysical properties, while the exact Zoeppritz 
equations map the elastic properties onto the seismic domain. Training and validation 
examples are generated under the assumption of a Gaussian variogram model and a 
non-parametric prior. A Monte Carlo simulation strategy is employed for uncertainty 
assessment. We present synthetic inversions on a realistic subsurface model and the 
outcomes of the proposed approach are compared with those achieved by a standard 
linearised inversion. The network predictions are assessed in case of errors in the 
calibrated rock-physic model, in the estimated source wavelet, and in the assumed noise 
statistics. We also demonstrate that transfer learning avoids retraining the network 
from scratch when the target and training properties differ. Our experiments confirm 
that the implemented inversion successfully solves the petrophysical seismic inversion, 
opening the possibility to get instantaneous predictions of reservoir properties and 
related uncertainties.

Key words:  seismic inversion, reservoir characterisation, neural network.

1. Introduction

Pre-stack seismic inversion is extensively used to infer petrophysical reservoir properties (e.g. 
clay content, porosity, water saturation), and to obtain a geometric description of the investigated 
subsurface area (Doyen, 2007; Avseth et al., 2010). Such petrophysical seismic inversion is often 
solved through a two-step cascaded workflow: first elastic properties (i.e. P-, S-wave velocities, 
and density) are usually estimated from pre-stack data through a linearised inversion in which 
a linearisation of the full Zoeppritz equations is the forward operator (Buland and Omre, 2003). 
Then, a properly calibrated Rock-Physics Model [RPM (Bachrach, 2006; Avseth et al., 2010; 
Rimstad and Omre, 2010; Bosch et al., 2015; Aleardi and Ciabarri, 2017; Mavko et al., 2020)] 
estimated from well logs and/or core data is used to convert the estimated elastic characteristics 
to the sought petrophysical parameters. This two-step approach has several drawbacks, for 
example, it is not guaranteed that the estimated petrophysical model is fully consistent with the 
observed seismic data (Doyen, 2007). To overcome this issue a single-step approach has been 
proposed in which the elastic and petrophysical properties are simultaneously inferred from 
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pre-stack gathers (Bosch et al., 2007; Grana and Della Rossa, 2010; Aleardi and Mazzotti, 2014; 
Aleardi et al., 2018).

Whatever approach is adopted, the petrophysical seismic inversion remains a nonlinear and ill-
posed problem in which multiple solutions equally reproduce the observed data. The nonlinearity 
may arise from the RPM relation that links the petrophysical and the elastic parameters. The ill-
conditioning is related to the inherent mathematical properties of the RPM or of the seismic 
forward operator and is further aggravated by noise contamination in the data, limited data 
coverage, low data resolution, uncertainties in the estimated RPM and source wavelet. For this 
reason, geostatistical hard and soft model constraints are usually infused into the inversion 
framework to reduce the number of possible solutions (Doyen, 1988; Mukerji et al., 2001; 
Dubrule, 2003; Azevedo and Soares, 2017; Azevedo et al., 2019), and a probabilistic Bayesian 
framework (Tarantola, 2005) is usually adopted for accurate uncertainty assessments (Fjeldstad 
and Grana, 2018; Fjeldstad and Omre, 2019; Aleardi and Salusti, 2020). However, the inclusion 
of spatial constraints usually increases the computational demand of the inversion procedure, 
and hence common approaches invert each seismic gather independently thus overlooking the 
spatial connectivity pattern of the subsurface model. Another difficulty of petrophysical seismic 
inversion arises from the complex distribution of rock properties in the subsurface. Although 
a Gaussian prior allows an analytical and computationally fast derivation of predicted model 
and associated uncertainties (Tarantola, 2005), it is known that such a probabilistic model 
oversimplifies the actual distribution of reservoir parameters because it neglects the influence 
exerted by the litho-fluid facies. From a mathematical point of view, this means that a Gaussian 
model does not capture the multimodality of the actual distribution of petrophysical parameters 
and hence multimodal priors are often employed [i.e. Gaussian-mixture model, or even non-
parametric priors (de Figueiredo et al., 2019; Grana, 2020)].

Over the last years, machine learning algorithms have been extensively used to solve 
geophysical inverse problems. In this context, neural networks are useful when the forward 
relation is known, but the inverse mapping is either expensive to compute analytically or 
numerically approximate. Therefore, the network aims to approximate the inverse mapping 
between the seismic space and the petrophysical domain. Many different types of machine 
learning algorithms exist such as Artificial Neural Networks (ANNs) and Convolutional Neural 
Networks (CNNs) (Bishop, 2006; Goodfellow et al., 2016; Géron, 2019). ANNs are theoretically 
capable of learning any nonlinear function linking the output and the input response. Some 
drawbacks of ANNs are the computational cost, the high number of learnable parameters, the 
vanishing/exploding gradient problems, and the overfitting issue. Besides, in cases of image 
applications, ANNs lose the spatial relationships between the pixels of the image and cannot 
capture sequential information in the data. CNN uses convolutional kernels to extract the 
relevant features from the input and, hence, they are commonly used in image classification 
problems. Differently from ANN, CNN captures the spatial variability pattern from an image and 
exploits parameter sharing to decrease the number of internal parameters to optimise. In brief, 
compared to conventional fully connected networks, CNNs are regularised networks with two 
advantages: sparse connectivity and sharing weights among convolutional layers, which reduce 
the computational cost and improve the generalisation ability (LeCun et al., 2015; Schmidhuber, 
2015; Krizhevsky et al., 2017). Training a CNN usually needs a sufficiently large training set 
to iteratively refine and update the internal network parameters. After training, the network 
converts an input into the corresponding output in real-time. In recent years, CNNs have been 
successfully employed to solve geophysical problems such as seismic full-waveform inversion 
(Richardson, 2018; Wu and McMechan, 2019; Yang and Ma, 2019), velocity estimations from 
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seismic data (Araya-Polo et al., 2018; Park and Sacchi, 2020), data interpolation and noise 
attenuation (Wang et al., 2019; Sun et al., 2020), seismic interpretation (Waldeland et al., 2018), 
impedance inversion (Das et al., 2019), elastic inversion (Biswas et al., 2019; Aleardi, 2020a; 
Aleardi and Salusti, 2021), electromagnetic inversion (Puzyrev, 2019; Moghadas, 2020). One 
well-known drawback of machine-learning methods is that their performances degrade if the 
statistical properties of the target and training data differ. To overcome this problem transfer 
learning can be used (Li et al., 2020; Park and Sacchi, 2020) in which a small portion of new 
training data are used to adjust the internal weights of the previously trained network.

Here the petrophysical seismic inversion is solved through a trained CNN, and the porosity, 
clay content, and water saturation are estimated from pre-stack seismic data. We employ the 
Discrete Cosine Transform [DCT (Britanak et al., 2010; Lochbühler et al., 2014] reparameterisation 
to reduce data and model spaces. This transformation also guarantees the preservation of the 
assumed spatial and temporal variabilities in the retrieved solution. Indeed, the order of the 
retained non-zero coefficients determines the wavelength of the recovered model along the 
spatial and temporal directions. In this context, the network is trained to predict the nonlinear 
mapping between the compressed seismic data, and the compressed petrophysical model, 
which constitute the input and output responses of the network, respectively. We combine 
the implemented CNN inversion with a Monte Carlo (MC) simulation to propagate onto the 
final estimates both the uncertainties related to noise contamination and the modelling error 
introduced by the CNN. Indeed, the trained network introduces additional uncertainties related 
to the learned approximated mapping between the seismic domain and the petrophysical space. 
For the lack of available field data, we describe synthetic inversions in which the test model 
simulates a realistic geological setting where a gas-saturated reservoir is hosted in a turbiditic 
sequence. To assess the applicability and robustness of the presented approach, we perform 
several inversion tests that realistically simulate errors in the estimated wavelet, in the assumed 
noise distribution, and in the calibrated RPM. The CNN predictions are also benchmarked against 
the results of a more standard linearised inversion that uses a petrophysical reformulation of the 
Zoeppritz equation to directly infer the petrophysical properties from the seismic data (Aleardi 
et al., 2017). To maintain the computational cost affordably, this method inverts each seismic 
gather separately.

The proposed machine-learning inversion approach includes four steps. 1) Generation phase: 
define an ensemble of petrophysical models and compute the associated pre-stack responses. 
The Direct Sequential Co-Simulation method with joint probability distribution (Horta and Soares, 
2010) is employed to impose spatial, temporal, and mutual dependencies of the petrophysical 
properties in the training and validation sets. This geostatistical method considers a non-
parametric prior that properly models the facies dependency of the petrophysical parameters. 
The prior is derived from available well log data and is used to draw 5000 petrophysical models 
forming the training set. A theoretical RPM based on granular media models (Mavko et al., 
2020) constitutes the link between the petrophysical and the elastic parameters (Aleardi et al., 
2018), whereas a convolutional forward operator based on the full Zoeppritz equations provides 
the nonlinear mapping between the model and the data space. 2) Network design: define the 
CNN architecture to convert the DCT compressed seismic response into the DCT compressed 
petrophysical model. 3) Training phase: train the network by minimising the differences 
between the predicted and desired output. 4) Model prediction and MC error propagation.  
Fig. 1 schematically represents the proposed CNN inversion framework that infers the 
petrophysical parameters from the observed data.

We show that the CNN inversion provides more accurate predictions of the petrophysical 
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properti es than the standard approach (SA). We also show that the proposed machine-learning 
approach is quite robust against errors in the esti mated source wavelet, in the assumed noise 
stati sti cs, and in the esti mated RPM. We will also illustrate that transfer learning can be employed 
to adjust the learnable network parameters when the prior petrophysical assumpti ons or the 
RPM of the target diff er from those assumed during the learning stage. The novelity of our 
contributi on is the combinati on of DCT, CNN, and a MC simulati on to probabilisti cally solve the 
petrophysical seismic inversion.

2. Methods

2.1. Discrete cosine transform

In this secti on, we briefl y introduce the DCT compression used to reduce the model and data 
domains. Additi onal informati on about this popular compression strategy and its applicati on to 
solve geophysical inversions can be found in Britanak et al. (2010), Lochbühler et al. (2014), and 
Aleardi (2020b). In parti cular, we employ this strategy because it exhibits superior compression 
power over other linear compression methods (Lochbühler et al., 2014).

The basis functi ons employed by the DCT are cosine functi ons oscillati ng at diff erent 
frequencies. This transformati on can be applied to mono or multi dimensional signals. For 
example for a 2-D density model ρ (x, y) with x = [1, …, Mx] and y = [1, …, My] the transformati on 
can be computed as follows:

 (1)

where Bx and By are the matrices with dimensions Mx x Mx and My x My, expressing the basis 

Fig. 1 - Schemati c workfl ow of the implemented CNN inversion.
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functi ons, whereas the My x Mx matrix R contains the DCT coeffi  cients. The DCT concentrates 
most of the informati on of the original signal into the low-order coeffi  cients, and, hence, an 
approximati on of the 2-D density model can be computed as follows:

 (2)

where  is the approximated model,   is a [ q x My ] matrix with only the fi rst q rows of ; 
is a [p x Mx] matrix with only the fi rst p rows of ; the matrix  represents the fi rst q rows 
and p columns of R. The q and p values are the retained number of basis functi ons along the y 
and x directi ons. Therefore, the DCT transformati on reduces the full (My x Mx)-D model space to 
a (q x p)-D DCT-compressed domain (with p < Mx  and q < My). In this context the p x q non-zero 
numerical coeffi  cients of the  matrix becomes the inverted parameters in the compressed 
space. Fig. 2 illustrates examples of basis functi ons of diff erent orders in a 2-D space. Note that 
the coeffi  cient orders determine the variability along the verti cal and horizontal directi ons.

Fig. 2 - 2-D DCT basis functi ons of diff erent orders. Blue and red codes indicate negati ve and positi ve values, respecti vely.

2.2. Convolutional neural network and MC error propagation

We employ a CNN to learn the mapping between the DCT compressed parti ally stacked data 
and the compressed 2-D petrophysical model. The CNN can be expressed as a functi on F that 
computes the output O from the input I through the internal parameters W:
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 (3)

Generally speaking, a CNN uses convolutional filters and fully connected layers to extract 
features from 1-D, 2-D, or 3-D inputs. The filters are called ‘kernels’ that slide over the input with 
a specified stride, whereas the extracted features are called the features maps. This means that 
each pixel of the input matrix is multiplied by the corresponding value in the kernel [Hadamard 
product (Laloy et al., 2017)]. The number of filters in each convolutional layer, their size, and the 
stride are user-defined parameters. To include nonlinearity in the mapping process, the ouput 
of a given layer is also passed through an activaction function before being fed into the next 
layer. Typical activation functions are the Rectified Linear Unit (ReLU) or the Leaky ReLU (Puzyrev, 
2019). Once the features of the input are extracted by convolutional layers, they are flattened 
to a 1-D vector and fed into the fully connected layer. The learnable CNN parameters are first 
initialised and successively updated during the learning procedure, in which an error function 
quantifying the difference between desired and computed outputs is minimised. The updating 
process is driven by a back-propagation algorithm, whereas the length of the updating step is 
proportional to the selected learning rate value.

Several hyperparameters define the CNN architecture: number of convolutional layers and 
filters, activation function, stride and size of the convolutional filters, strategy to initialise the 
weights, number of epochs, learning rate value, method that minimises the error function. 
Personal preferences and experiences usually determine the hyperparameter setting. Here we 
employ a trial-and-error procedure in which different hyperparameters are modified and the 
final net architecture (presented in the following sections) has been determined according to its 
accuracy on the validation set.

For what concerns the error propagation, we must project onto the model space both the 
noise affecting the data and the so-called modelling error introduced by the CNN approximation. 
To this end we adopt a MC approach. Let M denote the models forming the training set, whereas 
N represents the associated CNN predictions. According to Hansen and Cordua (2017), a sample 
of the modelling error can be computed as E = M - N. Under a Gaussian assumption, the modelling 
error can be written as (0, Ce), where Ce represents the covariance of E, and  is the Gaussian 
distribution. We also assume Gaussian noise in the data , and an iterative MC approach 
is used to propagate both the modelling and the noise errors in the final CNN predictions:
1) use the trained network to compute the predicted model mb from the observed data d;
2) use the calibrated RPM to compute the elastic properties associated to mb and use the 

Zoeppritz equations to derive the associated seismic response db;
3) draw n from  and compute dn = db+ n;
4) use the trained CNN to derive mn from dn;
5) draw e from  and compute me = mn+ e;
6) store me  and iterate from 3) to 6) for Q times.

Each vector me is a petrophysical model in agreement with the trained CNN, the assumed 
noise and modelling errors, and the observed data. An approximated uncertainty quantification 
can be numerically derived from the Q MC simulations. For simplicity, we assume Gaussian-
distributed noise and modelling errors, but the MC approach can handle whatever parametric 
or non-parametric error distribution. Note that the MC approach is extremely fast because the 
network instantaneously predicts a model from the input data.

To reduce the computational cost of the MC simulation, we derive the modelling error in the 
compressed domain and considering all the model parameters simultaneously. This means that 
for qxp retained coefficients per petrophysical property, we get a Ce matrix with qxpx3 rows and 
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columns. This matrix correctly codes the lateral, vertical, and mutual parameter correlations 
characterising the modelling error. Compared to other uncertainty propagation approaches 
proposed in machine learning applications [e.g. the use of dropout in the prediction phase (Das 
and Mukerji, 2020)], the MC approach can easily manage different sources of uncertainties (e.g. 
errors in the RPM, errors in the estimated source wavelet). For example, errors in the calibrated 
RPM can be added to the elastic parameters associated with the predicted petrophysical model 
before computing the db vector, and hence steps 1 and 2 have to be included in the iterative MC 
procedure. As an alternative, the different sources of errors and uncertainties (noise in the data, 
imperfection in the forward model) can also be included in the training ensemble and accounted 
for in the prediction phase (Pradhan and Mukerji, 2020).

3. Results

3.1. Generating and compressing the training and validations sets

For the lack of available field data, we focus on synthetic inversions in which the seismic 
data set is generated on a 2-D test model, derived by integrating a geologic interpretation with 
information from five wells. This model represents a gas-saturated clastic reservoir within a 
turbiditic sequence (Figs. 3a to 3c). We consider the three petrophysical properties of porosity, 
clay content, and water saturation and three partial angle stacks at incidence angles of 0°, 15°, and 
30° (i.e. near, mid, and far stack, respectively). This configuration translates into 50×71×3 = 10650 
data points and a full petrophysical space composed of 51×71×3 = 10863 unknown parameters.

Before generating the training and validation examples, the expected statistical properties of 
the petrophysical parameters and the RPM must be defined. The petrophysical prior assumptions 
are derived from the available well data, previously used to build the test model. The kernel 
density estimation algorithm (Parzen, 1962) with a Gaussian kernel has been applied to derive 
the non-parametric prior (Figs. 3d to 3f). We also assume a stationary 2-D Gaussian variogram 
model in which the lateral and vertical ranges have been inferred from the lateral variability of 
the observed seismic data and the vertical variability of the upscaled well log data, respectively 
(Figs. 3g and 3h). The ranges of the variogram are equal to 160 m and 0.008 s along the spatial and 
temporal directions, respectively. We consider a stationary variogram and prior model and this 
assumption simplifies the actual distribution of the petrophysical properties in the quite complex 
test model. The direct-sequential co-simulation with joint probability distribution has been used to 
generate 6000 2-D elastic models from the prior. We employ a theoretical RPM based on granular 
media models (i.e. Hertz-Mindlin contact theory, Hashin-Shtrikman lower bound, and Gassmann 
model). Figs. 3i to 3m show the rock-physics template associated with the considered RPM: we 
observe a decrease of P-wave impedance and an increase of Vp/Vs ratio as the water saturation, 
and clay content decreases and as the porosity increases. A convolutional forward operator based 
on the exact Zoeppritz equations provides the observed seismic gathers according to a 30-Hz, 
zero-phase Ricker wavelet. We contaminate the observed data with uncorrelated Gaussian noise 
with a standard deviation corresponding to the 25% of the standard deviation of the noise-free 
seismic gathers. We generate 6000 petrophysical models and associated seismic data: 5000 out of 
the 6000 models will be used to train the network while the remaining constitute the validation 
set. Table 1 lists the information defining the training and validation examples. All the considered 
petrophysical properties are normalised in the range [0, 1], thus ensuring similar variances for all 
the parameters and better performances during the learning process.
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Table 1 - Characteristi cs of the observed data and of the petrophysical prior model assumed in the learning phase.

Seismic data genera� on Petrophysical model genera� on

Standard deviati on of uncorrelated noise 
compared to the standard deviati on of the 

noise-free data 
25% Type of prior distributi on Non-parametric

Correlated noise standard deviati on 0 Verti cal range of the Gaussian 
variogram model 0.008 s

Source wavelet phase 0 Lateral range of the Gaussian 
variogram model 160 m

Source wavelet peak frequency 30

Before training the network, we must defi ne the number of retained DCT coeffi  cients that 
approximate the petrophysical model. To this end, we quanti fy how the explained variability of 
prior simulati ons changes as the number of DCT coeffi  cients changes. This selecti on is a delicate 
step because the retained coeffi  cients should guarantee data fi tti  ng and model resoluti on 
comparable to those achieved by an inversion running in the uncompressed domain. A detailed 
discussion on this topic can be found in Grana et al. (2019). Fig. 4 shows the explained variability 

Fig. 3 - Synteti c inversions: a) to c) the petrophysical properti es of the test model; d) to f) the marginal prior distribu-
ti on for the three petrophysical parameters; g) to h) temporal and spati al correlograms associated with the assumed 
Gaussian variogram model; i) to m) rock-physics template generated from the considered RPM and showing the infl u-
ence of the three petrophysical parameters on the elasti c properti es.
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for a petrophysical model drawn from the prior when the number of coeffi  cients changes. It 
emerges that 30 coeffi  cients per property (q = p = 30) along the two DCT dimensions recover 
almost the total variability of the original petrophysical model. Therefore, the DCT compression 
reduces the 10863-D full petrophysical space to 30×30×3 = 2700-D domain. A similar analysis has 
been carried out on some seismic gathers generated from prior realisati ons. The green rectangle 
in Fig. 5a encloses the 35×40×2 = 2800 retained coeffi  cients in the data space that explains almost 
the total variability of the uncompressed seismic gather (Fig. 5b). Therefore, the full 10650-D data 
space can be conveniently reduced to a 2800-D domain. The compression of the data and model 
space signifi cantly reduces the number of unknown parameters and also decreases the number 
of training examples needed for the learning phase (see the discussion secti on). Moreover, the 
use of the DCT signifi cantly reduces the complexity of the CNN architecture (i.e. number of 
convoluti onal fi lters and hidden layers) needed to approximate the inverse operator (Aleardi 
and Salusti , 2021). This translates into a faster learning phase and an easier hyperparameter 
setti  ng. Finally, the compression guarantees the preservati on of the assumed verti cal and lateral 
variability patt erns in the recovered model.

Fig. 4 - Examples of explained model variability for a petrophysical model extracted from the prior and as the number 
of DCT coeffi  cients along the 1st and 2nd DCT dimension increases. In each plot, the numerical value with coordinate 
(x, y) indicates the explained variability if the fi rst x, and y DCT coeffi  cients along the 1st and 2nd DCT dimensions, 
respecti vely, are used for model compression. It emerges that 30 DCT coeffi  cients along both DCT dimensions explain 
almost the 100% of the variability of the uncompressed model.

Fig. 5 - Analysis carried out on some seismic gathers generated from prior realisati ons: a) DCT decompositi on of a 
seismic gather computed on a petrophysical model drawn from the prior. Blue and red colours code low and high 
values, respecti vely, while the green rectangles enclose the retained DCT coeffi  cients in the data space; b) explained 
data variability as the number of considered basis functi ons increases.
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 3.2. The selected network architecture

As previously menti oned, the learning phase employs training and validati on sets of 5000, 
and 1000 models, respecti vely. This means that the input for the training is consti tuted by a 
35×40×2×5000 tensor with 5000 being the number of training examples, and 35×40×2 = 2800 
being the number of the retained DCT coeffi  cients in the data domain. The network output 
includes 30×30×3×5000 coeffi  cients where 30×30×3 = 2700 are the retained basis functi ons in 
the petrophysical domain (900 coeffi  cients per petrophysical parameter). The fi nally selected 
network (Fig. 6) includes two convoluti onal blocks and a fully connected layer. The convoluti onal 
blocks employ 5 fi lters of size 3×3, and a stride of 1, the Leaky ReLU with a leakage value of 0.1 
is used as the acti vati on functi on, whereas batch normalisati on is employed as a regularisati on 
operator (Santurkar et al., 2018). Before the fully connected layer, the dropout regularisati on 
is also used to avoid overfi tti  ng. Dropout is a methodology where randomly selected neurons 
are ignored during the training phase (i.e. in our case the 20%). We employ the He method to 
initi alise the network weights (He et al., 2015) and the Adam opti miser (Balles and Hennig, 2018) 
to minimise the root-mean-square-error (RMSE) between predicted and desired outputs. We 
employ a batch size of 24, whereas 0.001 is the initi al learning rate that is scaled by 0.9 every 
epoch. Fig. 7 represents the evoluti on of the RMSE during the learning process. We observe 
that convergence is achieved in only four epochs, whereas the similar RMSE on the training and 
validati on indicates that overfi tti  ng has been prevented. For additi onal informati on about the 
computati onal cost of the learning stage see the discussion secti on.

Fig. 8 shows box plots representi ng the correlati on between the true models forming the 
training and validati on sets and the corresponding CNN predicti ons. The similar correlati on 
coeffi  cients obtained on both validati on and training prove the generalisati on capability of the 
trained network and that the overfi tti  ng has been avoided. As expected, the quality of the results 
decreases moving from porosity to clay content, and water saturati on in agreement with the 
diff erent sensiti vity of seismic data to petrophysical parameters. Indeed, it is known that the 
porosity is the parameter that exerts the major infl uence on determining the elasti c properti es 
and, then, the refl ected seismic amplitudes, while Vp, Vs, and density are poorly aff ected by 

Fig. 6 - The employed network architecture. The im-
age on the far left  and far right represent the input 
and output of the network. The green rectangles 
represent the convoluti onal layers with annotated 
key parameters: the initi al value in brackets (e.g. 5) 
indicates the number of fi lters, which is followed 
by the fi lter size (i.e. 3×3). The cyan rectangle rep-
resents the fully connected layer (FCL).
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water saturati on changes. The direct comparison of the network predicti ons with the associated 
true models from the validati on set (Fig. 9) proves the reliability of the CNN inversion. However, 
these results refer to petrophysical models that honour both the calibrated RPM and the 
stati sti cal assumpti ons made during the learning phase. Therefore, in the following, we discuss 
the applicati on of the CNN inversion to the more realisti c test model shown in Figs. 3a to 3c. The 
CNN predicti ons are also benchmarked against those provided by a more standard linearised 
petrophysical seismic inversion that assumes Gaussian distributed petrophysical parameters 
and that inverts each seismic gather independently. This method includes the RPM within the 
Zoeppritz equati ons to directly infer petrophysical properti es from the seismic response (Aleardi 
et al., 2017), while the Gauss-Newton approach minimises an error functi on defi ned as a linear 
combinati on of L2 norm data misfi t and L2 norm diff erence between predicted and a-priori 
petrophysical model. Hereaft er, we refer to this inversion as the SA. The Gaussian prior for the 
SA inversion has been extracted from the same well log data previously used. For the sake of 
comparison, all the following tests assume for the SA approach the same noise stati sti cs used 
in the generati on of the training examples. This method also uses the same RPM employed 
by the CNN inversion and imposes the same verti cal variogram to the recovered model. We 
will also evaluate the stability of the CNN predicti ons when realisti c conditi ons are simulated: 
erroneous assumpti ons about the stati sti cal properti es of the noise, errors in the esti mated 
source wavelet, uncertainti es in the calibrated RPM. In the fi nal part, an applicati on of transfer 
learning is discussed.

Fig. 7 - Evoluti on of the RMSE value during training.

Fig. 8 - Box plot showing the correlati on coeffi  cients between actual and predicted models forming the training and 
validati on set (left  and right plot, respecti vely). The red crosses represent outliers.
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3.3. Application to the test model

We perform fi ve diff erent inversion experiments in which the CNN and SA predicti ons are 
compared. The main characteristi cs of these tests are listed in Table 2 and discussed hereaft er:

Test 1: the source wavelet and the standard deviati on of the noise contaminati ng the observed 
data (computed on the test model: Figs. 3a to 3c) are the same assumed during the training 
phase (see Table 1). This test assesses the network performances in the most opti mal case of 
perfectly-known noise properti es, RPM, and source wavelet.

Test 2: the standard deviati on value of the Gaussian and uncorrelated noise aff ecti ng the 
observed data is twice that assumed for training. This test illustrates the network performances 
when the actual noise contaminati on is underesti mated.

Test 3: we simulate both uncorrelated and spati ally-temporarily correlated Gaussian noise 
in the observed data. The noise standard deviati on values are the same assumed in Test 2. The 
temporal and spati al variability patt ern of the coherent noise is equal to the assumed variogram 
model. In real data applicati ons, coherent noise can be ascribed to diff racti ons and/or multi ple 
refl ecti ons not successfully att enuated by the processing sequence.

Test 4: similar to Test 3 but we also add errors in the esti mated source wavelet. This means 
that the test data are computed according to a source wavelet diff erent from that assumed in 
the learning phase. We include errors in the peak amplitude, peak frequency, and phase: the 
peak frequency is 25 Hz, the phase is 30°, and we simulate a 20% error in the peak amplitude 
(see Fig. 10).

Test 5: similar to Test 4 but now errors in the esti mated RPM are also simulated. This means that 
the RPM used to project the petrophysical test model onto the elasti c space diff ers from that used 

Fig. 9 - Panels a and b compare two petrophysical models extracted from the validati on set and the associated CNN 
predicti ons. From left  to right we represent porosity, clay content, and water saturati on.
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in the learning phase. Realisti cally, we assume that the RPM errors increase moving from density 
to P-wave velocity (Vp) and S-wave velocity (Vs). Indeed, when calibrati ng an RPM, it is known that 
the density is the simplest parameter to fi t, while it is diffi  cult to achieve good Vs reproducti ons due 
to the theoreti cal limitati ons of granular media models (Sajeva et al., 2019). Fig. 11 shows, for two 
horizontal coordinates along the test model, a comparison between the elasti c properti es derived 
from the petrophysical parameters according to the correct RPM (the one used in the learning 
phase) and those obtained aft er introducing errors in the calibrated rock-physics relati on.

Table 2 - Characteristi cs of the fi ve inversion experiments.

Parameters Training #1 #2 #3 #4 #5

Uncorrelated noise standard deviati on 25% 25% 50% 50% 50% 50%

Correlated noise standard deviati on 0% 0% 0% 50% 50% 50%

RPM error No No No No No Yes

Source wavelet phase 0° 0° 0° 0° 30° 30°

Source wavelet peak frequency 30 Hz 30 Hz 30 Hz 30 Hz 25 Hz 25 Hz

Verti cal range of correlated noise / / / 8 ms 8 ms 8 ms

Lateral range of correlated noise / / / 160 m 160 m 160 m

Fig. 10 - Comparison between the wavelet used to compute the observed data in tests 4 and 5 (red curve), and that 
used to generate the training examples (blue curve).

Fig. 11 - Comparison at two diff erent horizontal coordinates along the test model, between the elasti c properti es 
computed when the RPM is perfectly known (black curves) and those derived when errors in the RPM calibrati on are 
simulated (red curves).
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In all tests, the correlati on coeffi  cients and the Structural Similarity Index (SSI) are used to 
compare the CNN and SA predicti ons with the ground truth (Wang et al., 2004).

In Test 1 both CNN and SA give similar predicti ons in good agreement with the test model 
(Figs. 12a and 13a). However, we observe some lateral scatt ering in the SA soluti on that can be 
ascribed to noise in the data. On the contrary, the DCT parameterisati on bett er preserves the 
conti nuity in the CNN esti mates. The lateral scatt ering in the SA predicti ons severely increases 
if we simulate an underesti mati on of the noise (Figs. 12b and 13b). This underpredicti on is 
expected to generate overfi tti  ng with the observed seismic. Biased petrophysical predicti ons are 
obtained when coherent noise is added to the observed data (Figs. 12c and 13c). Errors in the 
source wavelet increase the bias in the fi nal esti mates (Figs. 12d and 13d) that are now aff ected 
by either overpredicted or underpredicted petrophysical contrasts. The simultaneous presence 
of coherent noise in the data and errors in both the source wavelet and in the calibrated RPM 
signifi cantly decrease the quality of the esti mated petrophysical models (Figs. 12e and 13e). 
However, from just a visual inspecti on of Figs. 12 and 13, we observe that in all the tests the 
CNN inversion bett er recovers the actual variability of the petrophysical properti es in the true 
model, while also preserving the verti cal and lateral conti nuity. Fig. 14 compares the lateral and 
verti cal correlati on functi ons assumed in the learning stage with those computed on the network 
predicti on of Fig. 12a. It should be noted that the DCT compression preserves the assumed 
conti nuity patt erns in the esti mated model.

Fig. 12 - CNN predicti ons for the diff erent tests. Porosity, clay content, and water saturati on are represented from left , 
to right. The true model is shown in Figs. 3a to 3c. Table 2 lists the details of the fi ve inversion tests.
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Fig. 15 provides a more quanti tati ve assessment of the CNN and SA predicti ons and represents 
the normalised cross-correlati on and the SSI values obtained in the fi ve inversion tests and for 
all the petrophysical properti es. The quality of the CNN and SA results is similar for Test 1, while 
for all the other experiments the CNN outperforms the SA inversion. As expected, the quality 
of the predicti ons decreases moving from porosity to clay content and water saturati on. This 
analysis  illustrates that the combined use of DCT compression and CNN provides fi nal esti mates 
less aff ected by errors in the assumed noise model, in the calibrated RPM, and in the esti mated 
source wavelet.

Figs. 16 to 19 compare for tests 3 and 5 the observed seismic gathers and the data computed 
on the CNN and SA soluti ons. For Test 3 we get L2 norm data misfi t values equal to 6.2 and 5.8 
for the CNN and SA inversion, respecti vely. Therefore, the data diff erence appears slightly lower 
for the SA example. However, we point out that the SA predicti on corresponds to the minimum 
of an error functi on, while the CNN soluti on is not directly driven by a minimisati on process. 
Diff erently, for Test 5 the poor predicti on provided by the SA approach results in a larger data 
misfi t compared with the CNN inversion (L2 norm data misfi t values equal to 19.3 and 21.2 for 
CNN and SA, respecti vely).

Figs. 20a to 20c illustrate three MC petrophysical realisati ons generated for Test 3. As 
expected, the variability of the realisati ons increases moving from porosity to clay content 

Fig. 13 - SA inversion results for the diff erent tests. Table 2 lists the details of the fi ve inversion tests.
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Fig. 14 - Comparison between the assumed lateral (a) and verti cal (b) correlograms and the average correlograms 
derived from the true model (blue lines) and the CNN result (red lines). From left  to right we represent porosity, clay 
content, and water saturati on.

Fig. 15 - SSI and correlati on coeffi  cients computed for the diff erent tests and for the CNN and SA results.

and water saturati on. Fig. 20d shows, for the same test, the model standard deviati on for the 
three petrophysical properti es computed from 1000 MC simulati ons. The nonlinearity of both 
the Zoeppritz equati ons and the RPM produces uncertainti es that vary over the model space: 
usually higher for sand and lower for shale. In a standard inversion approach, this would indicate 
that the curvature of the error functi on changes over the model space. We also observe that, 
as expected, the porosity is the best-resolved parameter, while the water saturati on shows 
higher uncertainti es. Finally, Fig. 21 shows for the horizontal coordinate of 1500 m, a direct 
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comparison between the true petrophysical profi les, 1000 MC simulati ons, and the associated 
95% confi dence interval.  Even, in this unfavorable scenario with underpredicted and correlated 
noise in the data, the 95% confi dence interval always encloses the true petrophysical values.

Fig. 16 - Observed data (left  column), predicted data (central column), and their diff erence (right column). This com-
parison refers to Test 3 and CNN predicti ons.

Fig. 17 - As in Fig. 16 but for the SA approach.
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 3.4. Transfer learning

We now apply the trained network on a modifi ed version of the test model and employing a 
diff erent RPM. In more detail, the modifi ed test set has been derived by a 50% increasing of the 
standard deviati on of the petrophysical properti es of the original model. In additi on, we now 
adopt a theoreti cal RPM that is bett er suited for a deeper reservoir with higher P-impedance 
values and lower Vp/Vs rati os. The modifi ed prior distributi on and the rock-physics template 
generated by the modifi ed RPM are shown in Fig. 22.

Fig. 18 - Observed data (left  column), predicted data (central column), and their diff erence (right column). This com-
parison refers to Test 5 and CNN predicti ons.

Fig. 19 - As in Fig. 18 but for the SA approach.
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Figs. 23a and 23b illustrate the new test model and the CNN results obtained with the 
previously trained network when the noise model and the source wavelet are perfectly known. 
We observe that the geological structure of the reservoir is sati sfactorily preserved, but the 
actual petrophysical contrasts at the refl ecti ng interfaces are signifi cantly underpredicted.

Fig. 20 - Three MC simulati ons of porosity (a), clay content (b), and water saturati on (c) associated to Test 3, respec-
ti vely. Standard deviati on models (d) esti mated from 1000 MC simulati ons for the same test (porosity, clay content, 
and water saturati on are represented from left  to right).

Fig. 21 - Comparison between the true model (brown curves), 1000 MC simulati ons (green lines), and the associated 
95% confi dence interval (red lines). This comparison refers to the horizontal coordinate of 1500 m.
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Transfer learning avoids retraining the network from scratch when applied to a diff erent data 
set, associated with diff erent prior assumpti ons and RPM equati on (Park and Sacchi, 2020; Sun 
et al., 2020). This technique uses a new, small training set to adjust the internal weights of a 
previously trained network. Transfer learning needs a faster training phase than a network with 
randomly initi alised internal parameters. Before applying transfer learning, we must establish 
which part of the already trained network must be adjusted and this choice is dictated by the 
diff erence between the target and the training set; only the internal parameters of the fully 
connected layers have to be adjusted if this diff erence is small. Otherwise, the enti re pre-trained 
CNN model must be modifi ed (Huot et al., 2018; Park and Sacchi 2020). Therefore, we repeat the 
previous CNN inversion aft er the applicati on of transfer learning. We employ the modifi ed prior 
and RPM to generate new 500 training and 50 validati on examples. Some tests (not shown here 
for brevity) suggested only for an update of the internal parameters of the fully-connected layer. 
Fig. 23c demonstrates that transfer learning improves the network results especially for the 
unknowns bett er informed by the data (porosity and clay content). Fig. 24 displays the evoluti on 
of the RMS on the validati on and training sets during transfer learning. Note that the fi nal RMSE 
value is very similar to that previously shown in Fig. 7. This example demonstrates that transfer 
learning successfully adjusts the network weights when training and target properti es diff er. 
However, accurate RPM and prior model esti mati ons are sti ll crucial ingredients to generate new 
training examples that exhausti vely represent the target properti es and their relati on with the 
observed seismic response.

4. Discussion

On the one hand, the inclusion of spati al constraints into petrophysical seismic inversion 
is oft en discouraged by the increased computati onal cost of the esti mati on procedure. On 
the other hand, it is known that machine-learning approaches usually require a very large 
training set to appropriately learn the relati on linking the input to the output response. Having 
this in mind, the regression ability of CNN and the compression ability of the DCT have been 
exploited to implement an alternati ve petrophysical seismic inversion characterised by a limited 
computati onal cost and also capable to preserve the assumed spati al and temporal conti nuity 

Fig. 22 - Results obtained by the modifi ed RPM: a) the rock-physics template; b) the modifi ed marginal prior for the 
three petrophysical parameters. Compare with Fig. 3.
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in the recovered soluti on. In other terms, the combinati on of DCT and CNN provides a fast, 
albeit approximate, computati on of the generalised inverse of a forward operator that includes 
temporal and spati al constraints in the model space. The DCT guaranteed a signifi cant reducti on 
of the dimensions of the input and output of the network. This reduced both the complexity of 
the CNN architecture and the computati onal cost of the generati on and training phases. The 
number of retained DCT coeffi  cients consti tutes a compromise between the desired model 
resoluti on and the dimensionality reducti on of data and model spaces. We demonstrated that 
DCT projecti ons of prior realisati ons and associated seismic responses can be used to properly 
set such a threshold level.

Fig. 23 - Results obtained when the noise model and the source wavelet are perfectly known: a) the modifi ed test 
model; b) the CNN predicti ons yielded by the previously trained network (before transfer learning); c) the CNN results 
aft er transfer learning.

Fig. 24 - RMSE evoluti on during transfer learning.
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Diff erently from standard inversion approaches, the implemented method does not include 
any model constraints into the error functi on, but the network is trained on a data set containing 
realisti c subsurface scenarios and learns how to reproduce a similar model to fi t the input seismic 
data. It is known that an accurate uncertainty appraisal is a key aspect of any inversion approach. 
For this reason, the implemented CNN inversion framework has been combined with an MC 
simulati on to properly propagate onto the esti mated model the uncertainty related to noise 
contaminati on and the modelling error introduced by the network approximati on.

The main advantage of the implemented inversion is its modest computati onal demand. 
We employed Matlab codes running on a notebook equipped with a quad-core intel Core i-7 
7700HQ CPU at 2.80 GHz and 16 Gb RAM.  Our approach includes four phases: data generati on, 
network design, training, model predicti on + MC uncertainty propagati on. Diff erent geostati sti cal 
simulati on tools can be used for the data generati on, and here we used the direct sequenti al co-
simulati on with joint probability distributi on because it handles non-parametric prior models, 
but the method can be easily extended to whatever prior distributi on and correlati on patt ern. 
This fi rst stage is very computer intensive but also easily parallelisable. The computi ng ti me to 
draw the 6000 training + validati on examples was 3 hours approximately, while only 5 minutes 
are needed for training. A computer cluster can drasti cally reduce the computati onal workload 
of the generati on phase. We used common geostati sti cal tools to generate the training and 
validati on sets according to the assumed marginal prior and the analyti cal variogram model. 
However, more advanced strategies [e.g. generati ve adversarial neural networks (Laloy et al., 

Fig. 25 - CNN predicti ons without DCT compression: a) results for perfectly known RPM, wavelet, and noise model (see 
Test 1); b) results for coherent noise in the data, errors in the assumed noise model, in the esti mated source wavelet, 
and in the calibrated RPM (Test 5). Compare with Fig. 12; c) evoluti on of the RMSE on the validati on and training sets 
for a training without DCT. 
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2018)] could be adopted to generate training examples that better reproduce the stratigraphic 
setting of the investigated area.

The DCT allowed a drastic reduction of the dimension of the input and output response of the 
network, thereby reducing not only the dimension of the training set but also the human and 
computational effort needed to select the best network architecture. Indeed, many experiments 
with different hyperparameter settings take only a short amount of time. Both the CNN inversion 
and the subsequent MC simulation give predictions in near real-time. For example, the 1000 
MC simulations of Fig. 21 can be generated in less than 10 seconds. The many experiments we 
carried out (not shown here for brevity), demonstrated that without the DCT compression a 
much deeper network, larger training set, and a significantly longer training time, are needed 
to achieve similar predictions to those shown here. For the same network described in Fig. 6, 
the training of the CNN without the DCT takes more than two hours, on the same hardware 
configuration previously mentioned. As an example, we show here some results obtained 
without DCT compression on the Tests 1 and 5 previously described (Figs. 25a and 25b): when 
the RPM, wavelet, and noise model are perfectly known, the quality of the results is acceptable 
although the predictions are largely affected by lateral and vertical scattering. This scattering 
can be ascribed to the large dimension of the full petrophysical domain and to the fact that 
many model parameters are not informed by the data and lie in the null space of solutions. 
For coherent noise in the data, errors in the estimated wavelet, in the calibrated RPM, and in 
the assumed noise model (Test 5), the quality of the CNN predictions dramatically worsens 
with respect to the results obtained with DCT compression (compare Fig. 25 with Fig. 12). Now 
it would be difficult to map the layer boundaries with reasonable accuracy. This is a further 
demonstration that DCT compression provides more accurate and stable predictions. Fig. 25c 
also indicates that the convergence rate during the learning phase is much slower without DCT 
compression (compare with Fig. 7).

We showed that transfer learning can be used to update the internal network parameters 
when the target properties differ from those assumed for the training phase. The authors 
suggest retraining the network whenever the prior assumed for training differ from the prior of 
the target. In this context, transfer learning is extremely useful because it allows adjusting the 
network parameters with a very limited computational effort. Less than a minute is needed to re-
training the CNN model with transfer learning. In real data applications, blind well log tests and 
comparisons between predicted and observed seismic gathers can provide important indications 
on the accuracy of the predictions after transfer learning and on their ability to reproduce the 
observed data. This comparison is also useful to choose which part of the previously trained CNN 
model must be adjusted.

Anyway, as for any Bayesian application, high-quality borehole data are needed to derive 
accurate prior assumptions and a proper RPM calibration. Indeed, the efficacy of the proposed 
approach critically depends on the validity of the prior assumptions made to generate the 
training ensemble. This means that the observed data and the seismic data sets used for training 
can be considered realisations of the same random variables. In other terms, the statistical 
properties of the observed data must be captured by the data generated by prior realisations. 
Statistical tools can be used to verify this assumption and to falsify the prior model. We refer 
the interested reader to Pradhan and Mukerji (2020) for more theoretical insights. However, we 
deem that the good quality of the results in all the different tests suggests that in our case the 
prior assumptions hold. The method can be easily extended to 3-D cases by applying a 3-D DCT 
in the petrophysical space and a 4-D DCT in the data domain. However, extension to 3-D would 
be prohibitive in our case given the limited computational resources available.
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 5. Conclusions

We proposed an alternative petrophysical seismic inversion based on CNNs and MC simulations. 
A trained CNN projects the observed pre-stack seismic gathers onto the petrophysical space. The 
DCT reparameterisation reduces the computational effort of the generation and training phases 
and also preserves the assumed spatial variability pattern in the recovered solution. The CNN 
inversion is combined with a MC simulation that propagates into the petrophysical estimates 
the modelling error introduced by the network approximation and the noise affecting the data.

Synthetic inversion experiments on a realistic subsurface model and simulating realistic 
scenarios (very low signal-to-noise ratio, errors in the estimated source wavelet, errors in the 
calibrated RPM) showed promising results. The CNN efficiently and effectively approximated the 
inverse of a nonlinear operator, which is very expensive to compute analytically. In the optimal 
scenario (i.e. for RPM, noise statistics, and source wavelet perfectly known), the trained network 
provided predictions comparable to those achieved by a more standard linearised inversion. 
Differently, the CNN outperformed the SA in all the other more realistic tests. This indicates 
that the combined use of CNN and DCT guarantees final predictions less affected by errors in 
the estimated source wavelet, in the calibrated RPM, and in the assumed noise model. The 
implemented approach needs a relatively small training set for the learning process and once 
trained, the CNN and the MC simulation provide model predictions and associated uncertainty 
estimations instantaneously. Transfer learning can be employed to rapidly update the network 
weights when the target and training exhibit different statistical characteristics.

Data availability. Codes and synthetic data are available on request from the authors.
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